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Abstract 
The basic objective of this paper is to compare two entropy formulae used as objective functions in spatial 
intreraction modelling. This is carried out by comparing some attributes of the interaction models derived from 
both of them. The comparison results in the design of the third formula, which, however, represents a slight 
modification of one of them. 
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This paper provides a brief comparison of two entropy formulae used as objective functions in 
spatial interaction modelling, viz. 
(1) 
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where 7;1 , denotes the size (volume) of interaction (flow) between origin zone i and destination 
zone), O; the flow total produced by origin zone i (e.g.number of trip origins), D1 the flow total 
absorbed by destination zone j (e.g. number of trip destinations), T the overall flow in the whole 
system analysed and W the number of microstates. 
Note that formula (1) represents a classical entropy formula designed and widely used by 
A.G. Wilson (1967, 1970). Designer of formula (2) is M. Senior (1979), who called it a "zone-
size-dependent entropy formula" since O; and DJ are interpreted not only as flow variables, that 
is as number of trip origins and number of trip destinations, respectively, but also as (zone) size 
variables. 
As can be seen formula (2) represents simply an extension of formula (1). The reason for 
the extension can be found in Senior (1979, p. 199):"Whereas the combinatorial definition of 
entropy in the previous section [identical to (1) in this paper - J. P] measured the number of ways 
individual commuters could arrange themselves between workplace and residence pairs alone the 
existence of zonal opportunities permits a further number of arrangements of commuters within 
houses and jobs, which can be calculated from the expression ( D; D) Tu " . 
If formula (1) as objective function is now maximised subject to 
ZT =0 f lJ l (i= 1,2, ... , m) (3) 
0=1,2,. . ., n) (4) 
Z Z Tc .. = C, (5) 
; j lJ lJ 
where cv is transportation cost from i to j and C an overall transportation cost, we obtain 
Ty= exp(-A-;)exp(-y )exp(-flcv). (6) 
After evaluation of terms containing the zonal Lagrange mulipliers A; and y J from (3) and ( 4), 
relation ( 6) can be rewritten as 
2 
(7) 
(8) 
(9) 
which is a familiar doubly (production-attraction) constrained entropy maximising interaction 
model of gravity-type since its formal structure fully corresponds to the gravity model structure 
given either by 
Size of interaction= Factor(s) x Mass x Mass x Distance function (10) 
(Wilson 1974, p. 67) 
or by 
Size of flow= Origin factor x Destignation factor x Separation factor (11) 
(Sen and Soot 1981, p. 165) 
If constraint ( 4) is dropped and (1) is maximised subject to only (3) and (5) one obtains 
Ty = exp(-A-;)exp(-fku ), 
which after evaluation of term containing the zonal Lagrange multiplier A; from (3) can be 
rewritten as 
(12) 
(13) 
(14) 
If constraint (3) is dropped and (1) is maximised subject to only ( 4) and (5) one obtains 
Ty = exp(-r 1 )exp(-/k;1), 
which after evaluation of term containing the zonal Lagrange multiplier r 1 from (4) can be 
rewritten as 
(15) 
(16) 
(17) 
If both zonal constraints [(3) and (4)] are dropped and (1) is maximised to only (5) and to 
an aditional conslraint imposed upon an overall flow total, i.e. 
3 
r, r, T. = T, 
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one obtains 
Ty = exp(-a)exp(-f3cv ), (19) 
which after relabeling exp(-a)= K and evaluating K from ( 18) can be rewritten as 
Ty = K exp{-/Jcif ) (20) 
(21) 
If (13), (16) and (20) are now compared to the gravity model structure, given either by 
(10) or by (11), one observes that they do not fully correspond to this structure since (13) does 
not contain destination mass term or destination factor, (16) does not contain origin mass term or 
origin factor and (20) does not contain both of them. 
If one intends to arrive at the interaction model of gravity-type one needs to complete 
relations (13), (16), and (20) by new mass terms, say M; and Qi . After doing that one obtains 
(22) 
(23) 
(24) 
(25) 
(26) 
(27) 
Relations (22)-(27) represent now familiar singly (production or attraction) constrained or 
unconstrained interaction models of gravity-type since their structure corresponds to either ( 10) or 
(11). 
Now focus our attention on formula (2) as an objective function and maximise it subject to 
the same constraints as in the case of formula (1), i.e. first to (3)-(5), then to (3) and (5), then to 
(4) and (5) and finally to (18) and (5). One obtains 
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(29) 
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(31) 
After relabeling exp(-A-;) = A;,exp(-r;) = B1 and exp(-a) = K relations (28)-(31) can be 
rewritten as 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
(38) 
(39) 
(40) 
Mutual comparison of relations resulting from max1m1smg (1) and (2) leads to the 
following observations: (i) formula (2) is redundant when deriving doubly constrained interaction 
model since relations (32)-(34) are fully identical to relations (7)-(9), (ii) formula (2) is not 
redundant when deriving singly constrained models as well as an unconstrained model. It seems 
even more suitable since (35)-(40) automatically corespond to the gravity model structure given 
either by (10) or by (11). This is not the case when (1) used, correspondence to (10) or (11) must 
be attained additionally by adding new mass terms as it is clear from relations (22)-(27). 
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However, despite the fact that formula (2) seems to be more suitable objective function for 
deriving entropy maximising interaction model of gravity-type than formula ( 1) there is a new 
problem generating by (2). To introduce it recall the view of E. T. Jaynes (1957), designer of the 
maximum entropy principle. In his opinion constraints are to be considered information available. 
If so information concerning, say Di, is not available when deriving production constrained model 
since constraint (4), that is :ET = D., is not imposed. 
i I) J 
What is the rationale for this view? The fact that this constraint is not imposed means that 
the actual number of trip destignations, L: Ty =Di, is not know beforhand since three cases can 
I 
now happen: (i) L: I'v· =Di ,(ii) :E Ty<. Di and (iii) :E Ty> Di . Which of them will correspond to 
I I I 
real situation can be stated only after following summation, associated with relation (3 5), is carried 
out: Y:,Ty. =Di 1:,A;O; exp(-fkv) = D1+ It can be seem that one has now twoDi 's , viz. Di , I I 
interpreted as a zone size variable and D; , interpreted as a flow variable. If these two variables, 
that is the number of trip destignations, L: I: , and the number of places available in the destination 
i 1J 
zone j (say, number by workplaces), as a measure of size of this zone, that is a zone size variable, 
should be identical variables, which is clearly asumed in the construction of this model, then the 
question arises whether Di , interpreted now as a number of places available in j, as a zone size 
variable, can be used in objective function (2) when deriving production contrained model since 
:E I'v· is actually not know ex ante. If not, then Di appearing in this function should be dropped. 
I 
Then, however, maximisation of this reduced objective function subject to (3) and (5) gives the 
model fully identical to (13), which, however, resulted from the maximisation of objective function 
(1) . 
Analogical problem arises when attraction constrained and unconstrained models are 
analysed. In the first case it refers to O; , variable, interpreted as a number of trip origins and a 
number of places available in the origin zone i (say, number of residences), respectively. In the 
second case it refers to both O; and Di . Note that these problems do not appear when formula (1) 
is used as objective function . 
Solution to this problem is seen in distinguishing between flow variables and zone size 
variables. Denote firstO; and Di and second X; and ~ . Then objective function (2) can be 
rewritten in the form in which O; andDi are replaced by X ; and~, i.e. 
W = T! IIIT(X.Y/u 
ITITT!if IJ 
i i 1J 
(41) 
If formula (41) is now maximised subject first to (3)-(5), then to (3) and (5), then to (4) 
and (5) and finally to (18) and (5) one obtains, after evaluation of terms containing zonal 
Lagrange multipliers, following relations: 
(42) 
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Ai = [xi L BjDjYj exp(-/Jc,) J1 (43) 
J 
B1 = [~ :2:AiO;X; exp(-/Jcv)r1 (44) l 
Ty. = Ai Oi X)~ exp(-/Jcv) (45) 
Ai= [Xi 7r1 exp(-/Jcif)J
1 
(46) 
Ty= XiB1D1~ exp(-/Jcif) (47) 
Bi =[~ 7 Xi exp(-/Jcif)rt (48) 
Ty = KX;~ exp( -/Jcif ) (49) 
K = 1~7 x,y; exp(-/Jcv) r• (50) 
As can be seen Di does not appear in the production constrained model [relations (45) 
and ( 46) ], O; does not appear in the attraction constrained model [relations ( 4 7) and ( 48)] and 
both these variables do not apper in the unconstrained model [relations (49) and (50)]. It can also 
be seen that all these forms of the interaction model [relations (42)-(50)] automatically 
correspond to the gravity model structure [(10) or (11)]. Thus, it seems that formula (41) 
incorporates positive features of formulae (1) and (2). Note finally that relations (42)-(50) will be 
subject of further analysis. 
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